The goal of this preliminary note is to introduce and study a conjectural picture on lower bounds of Seshadri contants of indecomposable polarized abelian varieties. This is inspired by some work of Debarre on the subject together with the author study [Loz18] of syzygies of abelian threefolds using the convex geometry of Newton-Okounkov bodies.
INTRODUCTION
Let X be a smooth complex projective variety and L an ample line bundle on X . To measure the positivity of L at a point x ∈ X , Demailly defines the Seshadri constant of this data to be
where the infimum is taken over all reduced and irreducible curves C on X containing x. In some sense this invariant encodes from numerical and infinitesimal perspectives all the "minimal curves" through x (see [PAG, Section 5] for a nice introduction in the field). Two lines of research became prominent in the area. In [EL93, EKL95, N96] differentiation techniques lead to strong lower bounds on Seshadri constant, when x ∈ X is very general. Second, it turns out that these invariants are connected to other fields of geometry. They appear in Kähler geometry [Ny15, Ny18] and diophantine approximation problems [MR15] , are linked to convex geometry [KL17] and positivity issues of abelian varieties [LPP11, Loz18, KL19, Loz20].
The main goal of this note is to give credence to a conjectural picture on lower bounds of Seshadri constants on abelian manifolds. So, let (A, L) be a g-dimensional abelian variety. Due to the group structure on A, the Seshadri constant of L doesn't depend on the base point. Denoting it by ε(L), then differentiation techniques, see [ELN94] , lead Nakamaye [N96] to prove that ε(L) 1.
Equality holds if and only if (A, L) is a product of an abelian subvariety and an elliptic curve. With this in hand, we propose and give some credence to the following conjecture:
Conjecture 1.1 (Debarre) . Let (A, L) be a g-dimensional indecomposable polarized abelian variety, that is not the Jacobian (J C , Θ C ) of a smooth hyperelliptic curve C of genus g. Then ε(L) 2.
Inspired by a classical conjecture of van Geemen and van der Geer [GG86] , Debarre [D04] introduces this statement for theta-divisors. He shows that for the Jacobian of hyper-elliptic curves 1 one has ε(L) = 2g g+1 . Moreover, Debarre's initial conjecture holds for g = 3 by [BS01] and g = 4 by [I95] . In higher dimensions it is still an open question.
Our first goal is to give some credence to Conjecture 1.1. We start with a proposition, that states in a sense that this generalized form of Debarre's conjecture follows from the one on theta divisors. Proposition 1.2. Suppose Conjecture 1.1 holds for irreducible theta divisors. Then for any pair (A, L) that is not the Jacobian of a hyperelliptic curve, we have ε(L) 8 5 . Based on what was said above, this proposition provides the first non-trivial bound on the Seshadri constant for indecomposable polarized abelian manifolds of small dimension, i.e. g = 3, 4.
The main reason for this statement is the "minimality principle" for theta divisors. More precisely, [BL04, Proposition 4.1.2] yields that for any ample line bundle L on A, there is an étale map f :
, such that f * (Θ L ) = L and Θ L is a theta divisor on A L . As a consequence, one gets ε(L) ε(Θ L ). Furthermore, by Debarre's conjecture, the bad case happens when L contains a decomposable divisor, coming from Θ L . But then Bézout's theorem and an inductive argument will do the trick, as long as we have good lower bounds in low dimensions.
In this respect we then prove the following theorem:
Theorem 1.3. Let (A, L) be an indecomposable polarized abelian variety.
(1) If dim(A) = 2, then Conjecture 1.1 holds.
(2) If dim(A) = 3 and (A, L) is not the Jacobian of a hyper-elliptic curve, then ε(L) 12 7 . When g = 2 this follows from [EL93] and Hodge index theorem and should be known to the experts. When g = 3 the problem is more difficult. In the following we explain the main ideas.
Based on the proof of Proposition 1.2 and [BS01], we need to deal with the case when the pair (A L , Θ L ) is the Jacobian of a hyperelliptic curve C, where we know ε(Θ L ) = 6 4 . Turning our attention to the blow-up π : A → A of the origin 0 ∈ A, the goal is to study the class
where E ≃ P 2 is the exceptional divisor, from a numerical perspective.
In order to do so we use the theory of restricted volumes and their connection to intersection numbers as developed in [ELMNP09] and [LM09] . Basically we have the following formula
where vol A|E (B) encodes asymptotically the dimension of global sections of powers of the class B t that can be restricted non-trivially to the exceptional divisor E. Now, assume ε(L) < 2. Then the results in [BS01] and the geometry of Θ L = C −C imply that both ε(L) and ε(Θ L ) are defined by the same numerical data. Going forward, the differentiation techniques from [CN14] and [Loz18] lead to strong upper bounds on vol A|E (B t ), by making use of the geometry of the blow-up of P 2 at 4 general points. When k 3, applying these bounds to (1.3.1), leads to a contradiction. The same happens in the case when k = 2 by using in addition some special features of the surface f * (Θ L ) and Zariski's decomposition.
In order to prove Conjecture 1.1 for g = 3, it remains to tackle the case when the pair (A L , Θ L ) is the Jacobian of a non-hyperelliptic curve C. Most techniques above can be translated in this setup. But the geometry of the surface C −C seems here more complex. In higher dimensions it's not yet clear if these methods work. Still the current bounds play an important role on the author's recent work on singularities of irreducible theta divisors in any dimension [Loz20].
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NOTATIONS
In this article we work over the complex numbers C. A pair (A, L) stands for a g-dimensional abelian variety together with an ample polarization L. The pair (A, L) is said to be indecomposable if it's not isomorphic to the product of two polarized abelian varieties.
Most of the time our problems are local. So, we will be translating them to the blow-up at the origin of A. To use this infinitesimal perspective we fix some notation. We set π : A → A to be the blow-up of the origin 0 ∈ A with the exceptional divisor E ≃ P g−1 . We denote by B t def = π * (L) − tE, for any t 0 .
By [PAG, Proposition 5.1.5], then the Seshadri constant can be defined as follows
Finally we define the infinitesimal width of L as follows
This is the maximum multiplicity at the origin of a Q-effective divisor in the class of L.
SESHADRI CONSTANTS ON ABELIAN SURFACES.
In this section we study the Seshadri constant on polarized abelian surfaces. The main result is probably known to experts, i.e. see [BS98] . We still include it here, for the benefit of the reader and also to contrast it to how more difficult the higher-dimensional case is.
Proposition 3.1. Let (S, L) be an indecomposable polarized abelian surface that is not principle. Then ε(L) 2.
Remark 3.2. If L = Θ S is an irreducible theta divisor then ε(L) = 4 3 by [St98] . Moreover Θ S is smooth, as otherwise the condition Θ 2 S = 2 forces ε(Θ S ; 0) 1. By applying then [N96] this contradicts that Θ S is irreducible.
Remark 3.3. Looking more carefully at the proof and making use of [N96] , we deduce that for a (S, L) a polarized abelian surface that is not principle, then either ε(L) = 1 and there exists an elliptic curve F ⊆ S with (L · F) = 1 or ε(L) 2.
Proof of Proposition 3.1. Based on asymptotic Riemann-Roch and Remark 3.2, we can assume that (L 2 ) = 2k 4. Now, let ε(L) < 2, and the goal is to get a contradiction.
By Nakai-Moishezon criterion, used on the blow-up at the origin, the condition that L 2 4 implies the existence of an irreducible curve C ⊆ S with q = mult 0 (C), p = (L ·C), and
where the first inequality is due to [N96] . Furthermore, [KSS09] , yields C 2 q 2 − q + 2. Applying this statement together with Hodge index, we then get the following string of inequalities
As p is a positive integer and p q < 2, then p 2q −1. Plugging this upper bound into the expression on the right leads to an inequality that doesn't hold for any q 1. This finishes the proof.
CONJECTURAL LOWER BOUNDS IN ANY DIMENSION
In this section we assume Debarre's original conjecture and provide a non-trivial lower bound on Seshadri constants of arbitrary polarization. In particular, we prove the following proposition: Proof. The proof is done by induction. Proposition 3.1 dealt with the case g = 2. So, we assume the statement holds in any dimension at most g − 1 and prove it in dimension g 3.
[BL04, Proposition 4.1.2] constructs an étale map of degree k between abelian manifolds
where Θ L is a theta divisor and L = f * (Θ L ), where k = L g /g!. We will assume ε(L) < 1.5 and the goal is to get a contradiction. Due to the definition of Seshadri constants, there is an irreducible curve F ⊆ A, satisfying the following inequalities
The first one is due to the main result of [N96] and the indecomposability assumption. The second inequality from the left follows from [MR15, Lemma 8.1], as f is an étale map. The proof of this last statement is not hard. The basic idea is to translate the problem to the blow-up of the origin, chase diagrams, and obtain it as a consequence that the pull-back of a nef divisor remains nef. With this inequality in hand, Debarre's conjecture for theta divisors forces the pair (A, Θ L ) to be decomposable. Hence there is an isomorphism
. for some positive integer r 2. Furthermore, by Künneth's formula, each divisor Θ L i is a theta divisor and without loss of generality we can assume that this divisor is also irreducible, by taking into account [BL04, Theorem 4.3.1].
Moving forward, notice that choosing a smooth point x i ∈ Supp(Θ L i ) for each i = 1, . . ., r, we then automatically have the following numerical equality
In particular, if there exists two smooth points
then Bézout's theorem leads to the following inequality
. This contradicts the upper-bound on the Seshadri constant we assumed in (4.1.2).
It remains to deal with the case when F is contained in the support of at least r − 1 of these divisors no matter which smooth points we are taking on the respective theta divisors. Without loss of generality we can assume that
for any smooth point x i ∈ Supp(Θ L i ) and each i = 1, . . ., r − 1. Under these assumptions, we now use the fact that Θ L i is an irreducible divisor on A L i . With this in hand, [BL04, Proposition 4.4.1] yields that the image of the Gauß map defined by Θ L i is not contained in a hyperplane. In particular, by semi-continuity this implies that
So, going back to our curve F, then this equality forces the following inclusion
Since A ′ L is abelian then the inverse image f −1 (A ′ L ) remains abelian. Choose a component of this preimage that contains the curve F and denote by A ′ . Then the restriction map
satisfies the property that L| A ′ = f * (Θ ′ L ). Now, denote by g ′ the dimension of the abelian subvariety A ′ ⊆ A. By [DH07, Lemma 1], the condition that (A, L) is not decomposable would imply that L| A ′ is not a theta divisor.
With the data from the last paragraph we deduce the inequality in the statement based on how big is g ′ and Debarre's conjecture for theta divisors. So, first we consider the case when g ′ = 1. Then F = A ′ in which case we get a contradiction to (4.1.2) since our curve F is not smooth.
Second, let g ′ = 2. In this case note that the curve F ⊆ A ′ . But then the inequalities in (4.1.2) imply that ε(L| A ′ ) < 1.5 for a polarization L| A ′ that is not principle. Hence, Corollary 3.3 will then imply the existence of an elliptic curve F ′ ⊆ A ′ with (L · F ′ ) = 1. Applying [DH07, Lemma 1] this forces (A, L) to be decomposable, contradicting the assumption in the statement.
When g ′ 3, we apply Debarre's conjecture to the irreducible principle polarized abelian variety (A ′ , Θ ′ L ) together with [MR15, Lemma 8.1] to obtain the following string of inequalities
The latter follows easily as g ′ 3. This finishes the proof.
Proof of Proposition 1.2. This is an application of the ideas already developed in the proof of Proposition 4.1. The only difference is the last paragraph in that proof. So, for g ′ = 3, we use the bound from Theorem 1.3, to say that in this case we have ε(L) 12 7 > 8 5 .
When g ′ 4, the same ideas as above then imply the inequalities
This finishes the proof.
SESHADRI CONSTANTS ON ABELIAN THREEFOLDS.
In this section we give a proof of Theorem 1.3 for abelian three-fold. Since the geometry of principally polarized abelian three-folds plays an important role, we present first the main properties, classical by now, we will make use later. Then we proceed with the proof of the main result. We will try as much as possible to explain in details the tools we use. For a complete understanding though, the reader is advised to look at [Loz18] . 5.1. Infinitesimal data on the Jacobian of a hyper-elliptic curve. We start with a short review of the infinitesimal picture for the Jacobian of a hyper-elliptic curve of genus three. The material is mostly classical and is inspired by [BL04] , [BS01] and [L96] .
Let C be a hyper-elliptic curve of genus g = 3. Let (J C , Θ C ) be the associated Jacobian three-fold. Since C is hyperelliptic the canonical divisor K C defines a finite map
where Q ≃ P 1 is a planar smooth quadric. This map is defined by the natural involution σ : C → C.
There is a natural embedding C ⊆ J C , based on which we can assume without loss of generality that the theta divisor S := Θ C = C − C. By [BL04, Theorem 11.2.5] we know further that this divisor is smooth everywhere with one exception. At the origin mult 0 (S) = 2, corresponding to the unique g 1 2 , given by the map φ K C . Based on this information we define the difference map
which contracts the diagonal ∆. Denote also by F 1 and F 2 the corresponding fibers. Now, consider the blow-up π : J C → J C of the origin, where as usual E ≃ P 2 is the exceptional divisor. Then we have the following diagram
where q is the natural quotient map, which is generically 2 : 1, and S is the proper transform of S through π.
First note that the right vertical map is an isomorphism. Second, looking at the differential of φ K C (see [G84] or [BL04, Proposition 11.1.4]), we have the following identification
Finally, we can also describe the pull-back ∂ * (Θ C | S ) = 2F 1 + 2F 2 + ∆.
With this in hand, we denote by Γ ⊆ C ×C the graph of the involution σ . It is not hard to show that Γ ∈ |2F 1 + 2F 2 − ∆|. Furthermore, the degree 2 map q : C × C → S is not ramified over the proper transform F C of F C = ∂ (Γ).
Going back to the Seshadri constant, by [BS01] , we know that
where (Θ C · F C ) = 6 and mult(F C ) = 4. Furthermore, the intersection F C ∩ E consists of four different points lying on the quadric Q, i.e. these are the ramification points of the canonical map. As a consequence these four points are in general position, i.e. no three lie on a line. The final property is the "minimality" of F C in a numerical sense as a curve on C ×C.
Lemma 5.1. For any irreducible curve F = F C ⊆ J C the following inequality holds:
Proof. As mult 0 (S) = 2, note that Bézout's theorem yields the inequality (Θ C · F) mult 0 (S) · mult 0 (F) = 2 mult 0 (F) , whenever F S. Thus it remains to deal with the case when F ⊆ S.
The idea is to transfer the data on C ×C making use of the difference map. Based on the proof of Proposition 6.1, even if the difference map is not étale, one can easily show that 2F 1 + 2F 2 + ∆ · ∂ * (F) = 2(Θ C · F) and ∂ * (F) · ∆ = 2 mult 0 (F) .
Since we can assume already that Γ Supp(∂ * (F)), then automatically the inequalities hold
5.2.
Seshadri constant for polarized abelian threefolds. We already know the behaviour of the Seshadri constant for a principle polarized abelian three-fold by [BS01] . Combining this with the following statement, gives automatically a proof of Theorem 1.3.
Theorem 5.2. Let (A, L) be an indecomposable polarized abelian threefold that is not principle. Then ε(L) 12 7 .
Remark 5.3. For a product of polarized varieties (X 1 × X 2 , L 1 ⊞ L 2 ) and a point (x 1 , x 2 ) ∈ X 1 × X 2 , [MR15, Proposition 3.4] yields the following:
Now, suppose (A, L) is a decomposable abelian three-fold that is not principle. Then Proposition 3.1 and Remark 3.3 imply that ε(L) is either 1, 4 3 , or at least 2. Proof of Theorem 5.2. Assume the statement doesn't hold and our goal is to find a contradiction. By the definition of Seshadri constant, this implies that there exists a curve F ⊆ A with
Our first step is to show that F must be non-degenerate. If F is elliptic, so it's smooth, and automatically does not satisfy the inequality. When F is contained in an abelian surface S ⊆ X , the above inequality holds also by the pair (S, L| S ). So, by Proposition 3.1 yields that L| S must be principal. But this cannot be true, as [DH07, Lemma 1] would imply that L is decomposable and cContradicting one of the conditions in the statement.
For our second step we go back to the proof of Proposition 4.1. By asymptotic Riemann-Roch, since L is not principle, then L 3 = 6k for some k 2. Applying [BL04, Proposition 4.1.2], there exists then an étale map f :
Based on the description of the Seshadri constant for principally polarized abelian three-folds from [BS01] and [MR15, Lemma 8.1], we deduce that (5.3.3) forces us to deal with two cases. The first one is when the pair (J C , Θ C ) is decomposable. But this has been dealt already in the proof of Proposition 4.1, leading to a contradiction of (5.3.3).
In the rest of the proof we deal with the second case and that is when (J C , Θ C ) is the Jacobian of a hyperelliptic curve C. Under these assumptions, our first step is to show that f (F) = F C and f * (F C ) is k copies of F, no two intersecting. Without any confusion we will keep here the notation from the previous subsection on the infinitesimal picture of hyper-elliptic Jacobians.
In order to prove the first step, we make the following notation
Applying now Proposition 6.1, (5.3.3) the following inequalities hold
Together with Lemma 5.1, this then forces f (F) = F C . Finally, f : A → J C is a local analytical isomorphism around the origin. So, mult 0 (F) mult 0 (F C ) = 4. When either this last inequality is strict or deg(F → f (F)) 2, then
contradicting our assumption in (5.3.3). This implies that the map F → f (F) is birational and mult 0 (F) = 4. The latter data forces then d = 1. In particular, f * (F C ) is k distinct copies of F. As a consequence of the first step, we know the following numerical data about the curve F on A (5.3.4) (L · F) = 6, mult 0 (F) = 4 and ε(L) = 3 2 .
Next we turn our focus to the surface S A def = f * (S). Since S = Θ C is singular only at the origin with multiplicity two and the map f is étale, then S A is irreducible on X . Furthermore, S A is smooth at all points with the exception of those in f −1 (0) where it has multiplicity 2.
As usual let π A : A → A be the blow-up of A at the origin. Let F and S A be the proper transform through π A of the curve F and respectively surface S A . Now, taking into account the infinitesimal picture of (J C , Θ C ) from Section 3.2, and the fact that f is a local isomorphism around the origin imply that S A ∩ E A = Q A ⊆ E A ≃ P 2 is a smooth quadric and F ∩ E A = {P 1 , P 2 , P 3 , P 4 } are four distinct points sitting on Q A , and thus no three of them sitting on a line. Let B t = π * A (L) − tE A for any t 0. With all this data in hand our first claim is to prove that (5.3.5) µ(L) 2.5 , when k = 2 .
Assume the opposite that µ(L) > 2.5. Thus there exists a rational number t 0 > 2.5, such that the divisor class B t 0 is actually big. Since S A ≡ B 2 , then the last assumption automatically yields that S A B + (B t ) for any t t 0 . Making use now of the universal property of blow-up, we then have the the following equalities of divisors
for any t > 0 . In order to get a contradiction the main idea is to understand better the behaviour of the multiplicity function of the class B t | S A along the curve F.
When t ∈ [0, 1.5), this class is ample as B t is so. When t ∈ (1.5, 2), it is not hard to see that F is the only one curve intersecting the class B t | S A negatively. This can be seen by reducing the problem on A and then the exact same ideas as above, used to obtain (5.3.4), imply the uniqueness of F satisfying the property that (F · B t | S A ) < 0.
With this latter property in hand, applying the first step in the Zariski decomposition algorithm, as described in [B01, Theorem 14 .14], we can write
where P t might not be nef but it is a big class. The equality was deduced using the fact that (F 2 ) S A = −2. Finally, it is worth poiting out that S A is not a smooth surface, so we might get in trouble with intersection theory, applied for the algorithm above. The correct way is to do all of these computations on the proper transform of S A through the blow-up of A at all the points in f −1 (0), as this surface is smooth. But due to the form of all the divisors involved, as real Cartier ones, and the fact that F contains only the origin from the points in f −1 (0), it is clear that these computations are the same. In particular, the convexity property for multiplicity [Loz18, Lemma 2.5] yields then
for any t 2, as long as the class on S A is pseudo-effective.
With this in hand we turn out attention to a very general choice of an effective Q-divisor D ≡ B t 0 . By above S A Supp(D) and thus the restriction D| S A makes sense as an effective divisor. Applying the inequality above yields
So, taking the push-forward divisor D = π * (D), then this inequality considered on A implies
We obtain a contradiction and thus (5.3.5) holds whenever k = 2. The rest of the proof is inspired by the ideas developed in [Loz18] . Our first step is to find upper bounds on the restricted volume of the class B t along the exceptional divisor E A . So, we consider initially the case when t ∈ [0, 1.5], where the class B t is ample. But here [ELMNP09, Corollary 2.17] yields easily the following equality
We turn next our attention to the interval [1.5, µ(L)]. The problem here is much harder, as the class B t is not ample anymore. But [N05, Lemma 1.3] yields the following inequality:
So, taking an effective divisor D ≡ B t , which does not contain E A in its support, then its restriction to it makes sense and so the above inequality yields
, for any i = 1, 2, 3, 4 .
Taking this into account, the definition of restricted volumes from [ELMNP09] implies the following upper bound:
The importance of this upper bound lies in the fact that it reduces the problem to one on P 2 . So, let φ : S ′ → P 2 be the blow-up of P 2 at the points P 1 , P 2 , P 3 , P 4 , with E 1 , E 2 , E 3 , E 4 the corresponding exceptional divisors that are all (−1) rational curves. It is then not hard to see that the previous inequality can be translated to the following one
In order to find an upper bound on the volume on the right, we use the basic properties of the surface S ′ . As we said above, the four points P 1 , . . . , P 4 ∈ Q A are distinct and no three lie on a line. Furthermore, the proper transform of Q A on S ′ is a nef class, which is not ample, as its selfintersection is zero. Using this class and its relation to R t , it is not then hard to prove that the class R t is nef, whenever t ∈ [1.5, 3], and not pseudo-effective if t > 3. Hence, vol S ′ (R t ) = (R 2 t ). In particular, this provides upper-bounds for our initial restricted volume
Furthermore, this forces µ(L) 3.
Our final step is to use [LM09, Corollary C], based on the theory of Newton-Okounkov bodies. This provides us with the following formula:
Plugging in (5.3.6) and (5.3.7) into it, yields the following the inequality t 2 − 4(t − 1.5) 2 2 dt = 13.5 6 In particular, we get a contradiction when k 3.
When k = 2, we have a slightly better upper-bound on the infinitesimal width, given by (5.3.5). So, applying the same algorithm as above, we get the following inequality: k = 2 1.5 0 t 2 2 dt + 2.5 1.5 t 2 − 4(t − 1.5) 2 2 dt = 11.625 6 , which again forces a contradiction. In particular, (5.3.3) cannot hold and this finishes the proof of the main statement.
APPENDIX: MULTIPLICITY UNDER ÉTALE MAPS
The goal of this section is to describe o formula for the behaviour under étale maps of the multiplicity at a point of a subvariety. This formula most surely is known to the experts but for completeness we include here its proof. Proposition 6.1 (Multiplicity under étale maps). Let f : X → Y be an étale map of degree d 2 between two smooth varieties. Let V ⊆ X an irreducible subvariety passing through the point x 1 ∈ X , and let x 1 , . . .x d be the points in the fiber f −1 ( f (x)). Then we have the following inequality
Proof. Let W ⊆ Y be a subvariety passing through some point y ∈ Y . Denote by π Y : Y → Y the blow-up of Y at the point y with E Y the exceptional divisor and by W be the proper transform of W through the blow-up map π Y . Under this notation we can translate the multiplicity as an intersection number on the blow-up borrow the following [F84, p.79]: (6.1.8) mult y (W ) = −W · (−E Y ) dim(W ) .
Taking this into account, denote by y = f (x) and let W = f (V ). With this in hand we will be using the following commutative diagram:
Here the map π X is the blow-up of X at the points x 1 , . . . , x d with the exceptional divisors E 1 , . . . , E d . Due to the fact that f is an étale map of degree d, then we know for sure that
Let W ⊆ Y be the proper transform of W through π Y and V of V through π X . With these in hand we proceed to prove the main equality. Since no two divisors from E 1 , . . . , E d intersect and making use of (6.1.8) , we then deduce the following list of equalities
Now projection formula for intersection numbers and the fact that Y = f (V ) yield also
Finally putting together the last two sequences of equalities implies easily the statement and this finishes the proof.
